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Abstract 

We study the Fisher-KPP equation with a fractional laplacian of order a G (0,1). We know 
that the stable state invades the unstable one at constant speed for a — I, and at an exponential 
in time velocity for a £ (0, 1). The transition between these two different speeds is examined in 
this paper. We prove that during a time of the order — ln(l — a), the propagation is linear and 
then it is exponential. 

1 Introduction 

We are interested in the large time behaviour of the solution u to the evolution problem: 

lit + (-A)°n = -u - M'^,t>0. (1.1) 

The nonlinearity u — is often referred to a Fisher-KPP nonlinearity, from the reference [12| . and 
is motivated by spatial propagation or spreading of biological species. Traditionally, two kinds of 
data are considered: hrst we study a compactly supported initial data. It corresponds to the study 
of spatial spreading when at initial time some areas are not invaded by the population. Then we 
consider a nondecreasing initial data, in one space dimension. This choice is motivated by [12j. In 
this paper, we study the transition between two speeds of propagation: 

• When a is equal to 1, it is well known (see pj) that the stable state invades the unstable 
one at constant speed equal to 2: there is a linear propagation. Many papers deal with this 
phenomenon. Let us mention one of the most general works [3]: here the authors introduce a 
very general notion of propagation velocity and prove it can behave in various ways in general 
unbounded domains of M'^. For instance, for some locally domains of which do not 
satisfy the extension property (that is to say the boundary can be covered by a sequence of 
open sets whose radii do not tend to 0), the spreading speed may be infinite, and for some 
locally domains of which satisfy the extension property and are strongly unbounded 
in every direction of S^, the spreading speed may be zero. See also |2j and [18j for spatially 
periodic media. 
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• When a G (0,1), the authors of [1] prove there is stih invasion of the unstable state by the stable 
state, and in [6] it is proved that propagation holds at an exponential in time velocity. This 
result provide a mathematically rigorous justification of numerous heuristics about this model, 
(see |14| for instance) Note that the position of the level sets of u move exponentially fast as 
i I— )• +CX) for integro-differential equations for example, (see |10)). Also note that exponentially 
propagating solutions exist in the standard KPP equations, as soon as the initial datum decays 
algebraically. This fact was noticed by Hamel and Roques in [TT]. 

So, we want to understand, in a more precise fashion, the transition between the two models. 

First, we study the fundamental solution p to (jl.ip . for d ^ 1. Indeed, it has a special role and 
all the heuristics are based on it. As a matter of fact, all the formal asymptotic studies (see for 
instance |14| or [S]) are based on the study of the fundamental solution. We will see that it has the 
following expansion as t > and a tends to 1: 



Cn sinfavr)^ 

p{x,t)- " ^ ' 



where Cq, and C are positive constants. The study of this inequality reveals a critical time scale 
Tq of the order — ln(l — a) for a close to 1, where the transition occurs. This leads to the main 
theorems of this paper, which parallel the main results of the preprint [6]: 

Theorem 1.1. Consider u the solution to (jl.ip . Let uq be a function with compact support, ^ 
uq ^ 1, Uq ^ 0. Set Ta = — ln(l — a). Then: 

• For all a > 2, u{x,t) — )• uniformly in {\x\ ^ at^''"} as a ^ l,t — )• +oo,t < r^. 

• For all < a < 2, u{x,t) — t- 1 uniformly in {\x\ ^ at^^"} as a — t- l,t — t- +oo,t < t^, 
Moreover, there exists a constant C > independant of a such that: 

• For all a > ^ ^ ^ , u{x,t) — )■ uniformly in {\x\ ^ e*^*} as a — ?■ l,t — ?■ +oo,t > Ctq- 

• For all < a < ^ ^ ^ , u{x,t) — t- 1 uniformly in {\x\ ^ e°"*} as a — )• l,t — )• +oo,t > Ctq.. 

The second theorem concerns initial data that are increasing in space: 

Theorem 1.2. Consider u the solution to (jl.ip . Let uq be a function in [0,1] measurable, nonde- 
creasing, such that lim ^0(2;) = 1 and satisfying 

for some constant c. Set = — ln(l — a). Then: 

• For all a > 2, u{x, t) — )• uniformly in {x ^ —at^^"} as a — )• 1, t — )• +00, t < Tq.. 
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• For all < a < 2, u{x, t) — )• 1 uniformly in {x ^ —at^/°'} as a — )• 1 , t — )• +oo, t < Ta, 
and there exists a constant C > independent of a such that: 

• if a > — , u(x,t) — )■ uniformly in {x ^ — e°"*} as a — t- l,t — t- +oo,t > Ct^- 

2a 

• if < a < — , u(x,t) —7- 1 uniformly in {x ^ —e"^\ as a ^ l,t — )• +oo,t > Ctq,- 

2a 

For t £ [Ta,CTa], there is a transition between two different speeds: this phenomenon wih not 
be studied in this paper. 

Remark 1: For 1 ^ t ^ Ta, we have: t — t^^" = O (Vl — o)- So, we have at^^" ~ at in the range 
t G [0, Tq,] and so the propagation is truly hnear. 

Remark 2: The decay e"'^' is almost optimal. Indeed, when a = 1, recall that pj implies linear 
propagation at velocity 2. Now, if uq{x) ~ e~^^^\ with 7 < 1, |17) implies linear propagation 

at velocity ^ + 7- This illustrates the fact that, in order to obtain a result that is uniform in q, we 
need the e"'^' decay at least. 

Remark 3: Adapting the proof of theorem II. H we could prove that with an initial datum of the 
form e^'^'l^l , 7 < 1, there is a linear propagation phase with velocity ^ + 7 in a time interval of 
length Ta- 

The proofs of the main theorems 11.11 and 11.21 follow the same plan. An upper bound is obtained 
thanks to an appropriate estimate of the fundamental solution. Concerning the lower bound, the 
study of the fundamental solution is not enough, we need an iterative scheme, and in each iteration 
the solution has to be suitably truncated. It enables us to know the evolution of the level set of 
the form {x G M'^ | u{x,t) = (1 — a)^^'^,K > 0}. However, we need to study level sets that do not 
depend on a: an intermediate proposition will ensure the connection between these two level sets. 

The paper is organized as follows. Section 2 contains the study of the fundamental solution. In 
Section 3 we prove the intermediate result that makes possible the connection between levels sets 
that depend on a and the one that do not depend on a. Section 4 and 5 are concerned with the 
proof of the main theorems of the paper, concerning respectively compactly supported initial data 
and nonincreasing initial data. 

Notation: Throughout this article C denotes, as usual, a constant independent of a. 

Acknowledgement: Both authors were supported by the ANR project PREFERED. They thank 
Professor X. Cabre for fruitful discussions. 

2 The fundamental solution 

First, for the sake of simplicity, we consider the one space dimension case to underline the idea of the 
proof. The higher space dimension case is treated in subsection 12.21 and requires the use of special 
functions like the Bessel and Whittaker functions. 
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2.1 In one space dimension 

Recall that we are solving: 



Pt + {-d^xTp = 0, M,t>0 
p{0,x) = 6o{x),x£R, 



whose solution is: t) = ^(e 1^' *) = ^ ^^^"Paixt ^/^"), where: 
Proposition 2.1. We have: 



(2.1) 



Pa{x) 



r(2a + 1) sin(a7r) 



e 4 



TT \x 



l+2a 



and 



TT \x\ 
\Pa{x) -p, 



^ c 



|l+4a ' 



Vx E 



TT \X\ 
r (l/g + 1) 

27r 



The first inequality will be used to control Pa for large values, whereas the second one will be 
used to control Pa in the vicinity of 0. The proof is based on |15] and [5]. 
Proof : By symmetry we have, for all x G M: 



Paix) 



1 

TT Jo 



cos(r |x|)(ir 



To prove the first inequality, we take x ^ 0. Then, we integrate by parts and introduce the new 
variable u = |xp"r^" as in |15| and |5j. Thus: 



Pa{x) 



1 



TT \X 



l+2a 



-u\x\ sin(n2a )du 



(2.2) 



Now, we have to study: Ia{x) := / e~"'^' e^^"^ du. We rotate the line of integration by f : 

Jo 



Ia{x) 



r^^" sin(-^)„jrV2<^ cos(^) -ri\x\-'^°' 



4a 'e 



dr 



First we denote by: 



_^y2a sin(-^) jrV2°^cos(-^) , 

^ 4cK ' g ^ 4a ' (If 



which can be simplified by rotating the interval of integration by avr — 5: 



OO 1 

e-^^e^^^d-u = r(2a + l)e^' 
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Secondly, we write: 

7i(x) := /"ie-'-'''"^-(^)e-'''"-^(^)(e-"l-l"" - l)dr, 
Jo 

so that: /^(a;) = 4,oo + I^x). Then we introduce: /^(a) = e""^^ si'i(^)e^'-^ ^°^(^), and write: 

/* OO /'OO /* oo 

^a(^) = / i/r(l)e-"l^l""dr - / i/,(l)dr + / - /.(a))(e-"l-l"'" - l)dr. 

>/0 JO Jo 

Taking the imaginary part of each element of the right hand side: 

• y i/r(l)rfr = y e-" dw, so: ^m (^y i/^(l)drj = 

• / ifr{l)e dr is treated by rotating back the integration line by — S . Then: 

^0 

Gm(y^°°i/,(l)e-"l^l"'"dr) = 9m e^"^-"l^l"'"du) 
° = 7r|x|^>i(x") 

2 ' ' 



i{fr{l) — /r(a))(e — l)(ir is of lower order since it is bounded by C{1 — a) \x\ 

where C is a constant independent of a. Indeed: 



-2a 



(|^"i(/,(l)-/,(«))(e-"l-l""-l)dr)| ^ I" |/,(1) -/,(«)! 



,-ri\x\-^" _ 1 



dr 



^ / {I -a) sup \dyfr{y)\r\x\ dr 



Moreover, for y G (a, 1): 



\dyfr{y)\ = 



1 1 



.ln(r) IT 



1 

7" 2 

2^ 



TT 



e ^ 1(0,1) (0 + (TT + ln(r 



4y' 



f2a _r_ 



^ (|-ln(r 

(TT \ 1 / TT \ r2a 

2 "^^^")J 2^^('^'^)^") + (2 +^"^")J ^e"^l(i,+oo)(r 



^l(l,+oo)(r) 
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Thus, for a > ^: 

roo _2 \ 

i(/,(l)-/,(a))(e-"l-l' -l)dr) 

1 

2^ 



111 1 



^ / (1 — a) r - ln(r)j ^— 2(ir + / (1 - a) + ln(r) j e ^dr 

^ C(l - a) I xp^" + C(l - a) l^r^" ( y rV^dr + y ln(r)rV^drj 



^ C(l-a)|xr^" 
Consequently: 



TT X 



1+2q;~ 



/ —2 



r(2a + 1) sin(«7r) e-^'" jxf " 9m (.^ /(/„(1) - /„(n))(r-"'-'-'"" - l)r/r) 



TT X 



l+2a 



+ 



2^/Tr\x 



l+2a 



+ 



TT \X 



l+2a 



Thus we obtain: 



Pa[X) - 



r(2a + 1) sm(Q;7r) e 4 



|l+2a 



ll-a 



TT X 



l+4a : 



TTlXl ' 2-y/7r|x| 

To get an estimate for x in a compact set, we use the expression of Pa(0) given by: 

r(l/(2a) + 1) 



For all y G M, we have: 



Pa{0) = ^f e-\^\'"d^ 

^TT Jm. 



\Paiy)\ ^ ^ /J^le-I^l'de 



TT 



27r 



< +00 



r (V« + 1) 



So, by the mean value theorem: 



\Pa{x)-Pam < ^ \x\, VXG 



27r 



(2.3) 



2.2 In higher space dimension 

In this case, we are solving: 

Pt + (-A)> = 0, R'^,t>0 



p{0,x) = do{x),xeR'^, 
whose solution is: p{x,t) = J^~-'^(e~l^l^"*) = t~'^/'^°'Pa{xt~^/'^°'), where: 
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Proposition 2.2. We have: 



Pa{x) 



2(27r)-^sin(a7r)L>o 



e 4 



\x 



d.+2a 



(4^)i|x|(i-")'^ 



a 



C{l-a) 

~\ \d+4a ' 



and 



2a(27r) 



Vx G M 



Whittaker function. 



r(n+i) 



As in Proposition I2.H the first inequality will be used to control for large values, whereas the 
second one will be used to control pa in the vicinity of 0. The proof is based on |13) and |16) . 
Proof : First we use the spherical coordinate system in dimension d > 1, that is to say we write: 
^ = {r,6,y) where r belongs to the interval (0, +00), 9 belongs to (0, vr) and (f> belongs to the 
{d — 2)-sphere of radius 1, with the main axis directed along x. The jacobian of this change is 
J = r'^~^ {sin d)'^~'^ , and we denote by 5^-2 the area of the {d — 2)-sphere of radius 1 (§^-2): 



vr 2 



if/_2 = 2 — , . Thus, we have, for d > 2: 



Pa{X) 



Sd-2 



g-r " ^\x\r cos ^^rf-l (gi^ ef-^drdOdcl) 



{27ry 

Sd-2 

{2ttY 



cos(|x| rty^^^il - t^)^drdt 



00 /•! 



For d = 2, we have: 



1 



/ / g-r '^S''\''^°^^rdrde 
Jo Jo 



Pa[X) 



(2^)2 Jo 

2 



{2tiYJo Jo 
So 



(27r)2 Jo 



cosflxl r cos 9)rdrd9 



cos(|x| rt)r(l — t ) 2drdt 



and so we have the same expression. Next, we use the Bessel function and the Whittaker function 
defined for z G C\M_ and any real number > — ^ by the integral formulae: 



JJz) 



r(i/ + i)^7-i 



(1 - t^y-^ cos{zt)dt, Wo,^{z) 



-z/2 



r(z. + i)7o 



' t 1 

+ -)]^-2e-'dt. 



Furthermore, for such a v and z G M+, these functions are related by the formula: 



Mz) = 23f?e (^-^e^^^+^^^'WoA'^iz)^ ■ 
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Thanks to these special functions, and since f ~ 1 > ~^ j we can write: 



Sd-2 r , „ , ,^fd-l\ r- ^ 

I I--1 - 







2 

„2q 



d /-CXD y2a / 1 1 d 1 \ d 

2(27r)-2 Ixp'^y e ^Kef -^=e2(2-2WWo ,_^(2%)j y2dy (2.4) 



_Ji^ d^ , . d-i 

Now, we have to study: Ia{x) := e 1^1 " e 4 VFq d__-^(2iy)y 2 (iy. We follow the ID method. 

Jo '2 

First, we rotate the line of integration by — to get: 

Jo '2 

We denote by: 

Jo '2 

Recall that we have (j2.4p . so we have to take the real part of two terms: 

• By rotating the integration line by —{2a — 1)^ we get the real part of the first term : 

Jo ' ^ 

roo d—i d—i 

= -i 2 ~u~Wr. d_-.(u)du 

Jo "'2 ^ 

If ti is a real number, Wq d_]^(n) is also a real number and consequently: 5Re (-^a^oo(^)) — 0- 

• The real part of the second term is computed with the same rotation: 







00 7/^'^"''^%^ 

ie"*"^- — —Wr, d_-, {u)du 



/o 22"+"2 |x| 

Consequently we have: 5Re (/a^oo(^)) = sin(a7r) y ^ ^^0 d_^{u)du. We denote by 

D„ the integral / u2°+— 2-(2"+— )VFo_d_i(u)(iu. From [9], we have: D„ = 22"+''/2-2r(a + 

Jo '2 
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Secondly, we write: 

Jo '2 
Using the result obtained for Ia,ooi^)^ ^® ^^^Y l^^ve to treat the integral: (still denoted by Ia,r{x)) 

Introducing the new variable u = r^": 

Then, we introduce: /^(a) = u^~^e~^'^^WQ d_^{2iu^/^'^e~^'^)^ and write: 

Jo Jo 
Let us take the real part of each element of the right hand side: 

POO —2a d—1 1 ITT 

• (2a)~^ / e*"'^' e*'^~/„(l)(iti is treated by introducing y = t(2e^'^: 



= a-^e — i\xf"^/^^2-— 



(2a)~^ / iu \x\~ ^ e^'^^ fu{l)du is treated by introducing: u = —ir^. Thus we obtain: 

(2a)-W iu\x\-'^'^ e'""— fu{l)du = a-^ i\x\-^'^ r—W^. d_J2r)rdr 
Jo Jo '2 

Consequently: (^{2a)-^ iu\x\~^'^ e'""^ fu{l)duj =0. 



• We write: 



(2a)-iy^ (e-l-l" " -m|x|-2") - /„(l))e-^d« = 



Then this integral is neghgible since it is bounded by C(l — a) \x\ where C is a constant 
independent of a. Indeed: 

-2a 



Moreover, for y G {a, 1): 

1 



rc 

Jo 



^Cj u'\xr"il-a) sup \dyfu{y)\du 

J/e(a,l) 



+2Woj_^(2mV2s'e-*3S)u /'^e"*2?j u^"^ {-m + 21n(tx)) e"""^. 

^ ^ |_^(2m/2^e~^3^)| + |T^o^|_^(2mV2«e~*^)| (1 + d + 2u^"^)) 
(7?+2|lnH|). 
And thus (see the ID study): 

roo 

/ u2|xr^"(l-a) sup \dyfu{y)\du^C{l-a)\x\-^'^ . 

Consequently: 



So: 



3fie(/a(x)) = sm{aTT)Da\x\~'^'^ + a~^e ~ \x\ " \/7r2~ 

+5fte ((2a)-^y" (e^-l-l"'" - (/„(a) - /„(l))e^- Vrf^) . 



Recall that we have: 



So, we obtain the inequality: 



Paix) = 2{27r)-^ |x|-'^3fi!e(/„(x)). 



Pa{x) - 2(27r)-^ sin(a7r)L»« |xr('^+'") - (47r)-i a-^e"^ ^ C(l - a) \x\-^'^+''°'^ 

To get an estimate for x in a compact set, we use the expression of Pa{0) given by: 



Pa{0) = — ^ / 



T{d/2a) 

2a(27r)' 



< +00 



For all y G M, we have: 



So: 
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2.3 Consequence: Heuristics for the level set {x G M'^, u{x,t) = |} for t large 
enough 

The study of the level set relies on the fact that the function: y i— >• y(°'+2)"e ~ is non increasing 
for y ^ [2(d + 2)]^/*^"' (value for which the maximum is reached). We denote by the solution to: 

y{d+2)a^-^ = Ca sin(a7r) larger than [2{d + 2)]V(2-), where = ^ if d = 1, and Ca = ^^^f^ 
if d > 1. Define: 



^ ~ -ln(l-a). 

4 «-5-l 



^2a ^ Cil - a) 



Set C ^ — a constant independent of a. We notice that: 

sin(Q7r) 

• For C ^ 1^1 ^ ^a, we have: 

e 4 ^sinfavr) , ^l — a sinfovr) 

^ C — , , „ and C — 3—;— ^ 



_ |£|2ci 

e 4t 

So the fundamental solution will behave like: 77- — r, which is very close to the heat 

kernel when a tends to 1: the propagation should be linear (see [T]). 
There exists ai € (^, 1) such that Va G (ai, 1), for |^| ^ we have: 
_iSi^" 

e 4 sin(a7r) 1 — a sin(a7r) 

^ ^ ~ — J I n„ and C - — . J , ^ 



Smf Q^TT ) t 

So the fundamental solution will behave like: -r-^ — , and as is shown in [7J the propogation 

should be exponential. 



3 An intermediate result 

In the forthcoming parts and [5?2l we will study the evolution of the level set {x G M'^ | u{x,t) = 
£a} with = sin(a7r)"'^^'^, k > 0. However, we need to know how the level set {j; G R"' | u{x, t) = e}, 
e > small and independent of a, evolves. The following lemma makes the connection between 
these two level sets. Let us consider the evolution problem: 

' vt + i-A)"v = v-v"^, x€BM,t>0 

< v{x,t) = 0, xeR'^\BM,t>0 (3.1) 

for £a = sin(a7r)^"'"'^, for k > and M large enough so that the principal Dirichlet eigenvalue of 
(—A)" — / in Bm is negative. This is possible due to Theorem 1.1 in [4j: the first eigenvalue of 
(—A)" — / with Dirichlet condition outside Bm tends to —1 as M tends to +00. 
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Proposition 3.1. There exist a constant c > independent of a, Tq < cTq, e G (0, 1) independent 
of a, and m G Bm such that: 

v{m, Ta) ^ e. 

Proof : We have: vt + A^v = —v'^, where Aa = (— A)° — I is self-adjoint and its principal eigenvalue 
is denoted by //f < 0. In L'^{Bm), let ef be an element of an eigenvector basis, corresponding to 
^i- Since e" > in Bm, there exists Cq > such that: 

v{x,0) ^ CoeQ-e"(x), for x G Bm-i- 

Thus, v{x,t) = Coeo-ef (x)e~'^i * is a super solution to (|3.ip in Bm, coincides with v outside, and 
Il^(')0ll2 ~ CoGQe"'^!*, Vi > 0. Let e G (0,1) independent of a. The norm ||w(-,t)||2 reaches 

2^\Bm\£ for t = Ta = ln( ^^"^^ ^) (this computation will be done later, see (14. 3p ). Using 

the expression of Ea, we have the existence of a constant c independent of a such that: < cTq. 
Then, define w by: w{x,t) = v{x,t) — v{x,t), solution to: 

,2 



wt + {-Ayw 
w{x, t) 
w{x, 0) 



V 

0, 



Let Tq be the largest time for which the following holds: 



X G BM,t > 
X G R'^\BM,t> 
G M"' 



\w{-,t) 



Assume < Tq,. In the following inequalities, we use the fact ef is continuous and its and L° 
norms are comparable. Moreover, since Aq. is symmetric, we have : 



^ e-^i\ Vt > 0. 



Thus, for t ^ Tq and a close to 1 enough: 



\wi-,t) 



/o 

^ C 



-Ac{t-s) 

'Aa(t-s) 



\v{-, s)v{-, s)\\2 ds + CEa 



\vi;s)\\l + \\vi;s)\\^\\wi;s)\\,)ds + CE^e-'^"' 



C / e-'^?(*-)(||l;(.,s)||^ + ||l;(.,.)||2|K,.)||2M5 + Ce„e-'^?* 



^ C j e-^?(*-^) \\v{-, s)\\l ds + CEc^e-"?' 

-'0 



^ Ce„e-'^?*(H-,t)||2 + l), 
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For t = T^, using the fact < and < t^. 



\H;^)\\2 = " ^"'/^"^ ^ 2./\BM\C^m;^)\\, + 1), 

taking e smaller if necessary, we get a contradiction. Consequently ^ t^, and so: 

Ih(->^a)ll2 ^ 



Thus: 

\\v{-,T^)\\2 > Il^(-)^)ll2 - Il^(-'^)ll2 > 



\t^i-,Ta)\\2 



However: Ta)||2 ^ ^\Bm\ \\v{-, Ta)\\^ , so there exists m G Bm such that: 

v{m,T^) ^ e. 

■ 

4 Initial data with compact support 

This section contains the proof of Theorem 11.11 First we are concerned with the linear propagation 
phase and then the exponential one. The difficulty is to find a lower bound of the solution. The 
idea is to use an iterative scheme and in each iteration we truncate the solution so that the reaction 
term in (11. ip is bigger than a linear term. Then, the study of the fundamental solution in Section [2] 
leads to the result. 

4.1 The linear propagation phase 

We consider the evolution problem: 

m(x,0) = lioCx), X G M'^ ^ ' ' 

where mq is compactly supported, continuous and uq € [0, 1]. The following lemma and its corollary 
are inspired by Cabre and Roquejoffre in [7]. 

Lemma 4.1. For every < cr < 2 and a G (1/2, 1), there exist Eq G (0, 1) and Tq ^ 1 depending only 
on a and Eq for which the following holds. Given tq G (1, Cto), C independent of a and e G (0, Eq); 
let uq = etBrg{0)- Then, the solution to (j4.ip with initial condition uq satisfies, for all k £ N such 
that fcTo < Tc,; 

u{x, kTo) ^ e for \x\ ^ tq + kaTj" . 
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Proof : For A; = 0, the result is obvious. 

For A; = 1, we notice: u — v? ^ u, for u £ [0, 1]; moreover for every 5 £ (0, 1), as long as n ^ (5 we 
have : u — ^ {1 — (5)ti.Thus, taking 5 » e we have a super solution and a sub solution to (|4.ip : 

u{x, t) := e^^"'')* / uo{y)p{x - y, t)dy ^ u{x, t) ^ l uo{y)p{x - y, t)dy =: u{x, t), 



as long as u ^ 6. Let 6 >> e, Tq > chosen so that: 

Vt G (0,ro),Va; G M^, u{x,t) 6. (4.2) 

Thanks to Lemma 2.3 in [7], we have : If u and v : — >• M, it G L^,v G L°° are positive 
radially symmetric and nonincreasing functions, then u-kv is also positive radially symmetric and 
nonincreasing. Here, thanks to Proposition 12.21 applied to p{x,t) = t~2^Pa{xt~2^), we have that p 
is smaller than the function: 



^■1 2a 



C 



sin^ '"1 . 1 . 

■ ■a!+4a i \d+2a ., . . j/i „ \ i i i i ^ 



if |x| ^ CtV{2"), 

where (7 is a constant large enough and independent of a. This function is a positive, radially 
symmetric and nonincreasing function. So, with the initial condition uq = elB^^^(o), it is sufficient 
to estimate ll(0,t). As a consequence, we have to find Tq such that : \/t G (0, Tq), u(0,4) ^ (5, to 
get (14. 2p . Yet, the inequalities on p lead to: 



u(0,t) ^ e* / elB,iQ){y)p{-y,t)dy 



2 . . s. _M^" 



^ i f ^ dh^ 1 ^ i f (1 — o)* sin(a7r)t e « 



|2q 



^ Cee\ (4.3) 

where C is independent of a. Thus, Tq = In f-^^^ is smaller than Tq = — ln(l — a) (taking 1 — a 

V Be J 

smaller if necessary) and we have: 

G (0,To),Vj; G M'', n(x,t)^(5. 

We notice that the smaller e is, the larger Tq is, but we always have (14. 2p . 

Then, we look for ri > tq for which we have: u{x,Tq) ^ e,V|x| ^ ri. To find it, we look for 
xi > Tq so that u is larger than e for smaller than xi. First, we notice that, for y G M"^, if 
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|y — a:;! ^ CtJ^"' , where C^" ^ — — C independent of a, then: 

sin(a7r) 



ly-xr*'* \y-x 
Next, we prove the existence of a constant C > 4^/^" so that 



CTo/^-^lxi-roKCTo/". 



Indeed: 



• if for all C > |xi-ro| > CTq/", then To) is strictly smaller than e, which is 

impossible: indeed, denoting by ei the first vector of the standard basis of W^, for y such 
that \y\ ^ ro, we get \x\e\ — y\ ^ \xi — ro| > CTq" and for xi = x\ei: 



■A<^ro \xi - y\ 

I — I 2a 

\y-xi\ 



+Ce^"e / ^« IT. — ^dy 



(4To)^ 

^ CsTq-^ + CeTq^ + Cee^o-^^o 
< e, 

for To large enough, since e^^ ^ C sin(a7r)~^. Here we use the fact that for all y large enough, 
there exists a constant C independent of a such that: 

y2. 



J\z\>v ' ' 2ay"(2-'=f) ^ > 



l\z\>y 2ay<^-d) 
So, there exists C > 4V2« such that \xi - ro| ^ CTq^". 

if Irci — ro| ^ CT^^", then w is larger than 2e, which is impossible: indeed, we have {xi — CTj^")ei 
ro, so: 

u{xiei,To) = eM^°y^no(y)p(xiei-y,To)dy 



~2oi 

^ 2£, 



the last inequality is obtained taking Tq larger if necessary with Tq < r„ . 
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Thus, using the fact the heat kernel is positive and Proposition I2.2| we have for all x in and for 

u{x,To) ^ e^^-^'^^" J^^p{x-y,To)uo{y)dy 



^^g(i-5)Tog /■ ^ ^ -dy=:w{x,To). 



IhI ^ '■0 



Notice here that C > 0. Let us now study w since it is radially symmetric and nonincreasing. We 
have for x G such that: CTg/'" ^ |a; - roCiK CT^^°': 



w 



(x,To) ^ C7e(^~'^)^«e / ~ ^ — -dy 



Let us define xi by: 



that is to say: 



Tq' |roei - x 



XI = ro + 2V'^roV'^ (l - 5 - ^ In {crt-'/'' ^ 



Consequently, for cr < 2, we take 5 small enough, Tq large enough (but smaller than r^) and a close 
enough to 1 so that: 

Now, let us define ri := tq + crT^" > rg so that ri < xi and since w is radially symmetric and 
nonincreasing: 

u{riei,To) ^ w{riei,To) ^ u;(xiei,To) = e. 
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And: 

u{x,To) ^ w{x,To) ^ w{riei,To) ^ e, V|x| ^ ri. 

Finally, u{.,Tq) ^ el^^^^g) =: ug and we can repeat the argument above, now with initial time Tq 
and inital condition uq as long as kTo < Tq and get that: 

u{x,kTQ) ^ e for |x| ^ r/j, 

for all A; € N satisfying kTo < Ta, with: ^ ro + akT^" . ■ 

Corollary 4.1. For ewery < cr < 2 and a G (1/2, 1), Tq 6e as m Lemma \4-1\ Then, for every 
uq with compact support, ^ uq ^ 1, with uq ^ 0, there exist e £ (0, 1) and b > such that 

u{x, t) ^ e, for Tq ^ t < Ta and \x\ ^ 6 + at^^" . 

Proof : Let a G (0,2). We have u{-,t) > in M*^ for all r G [^0/2, 3T0/2]. Thus, there exists 
rQ > 2d > CTq^^" , where d is a positive constant depending on Tq chosen later, and e G (0, 1) such 
that for all e G (0, e): 

n(-,r) ^els^^(o), in M'^ 

Let us define uq by: uo{y) = elBr^^(o){y)- Thus, n(-,T + i) ^ v{-,t), for t > 0, where v is the solution 
to ()4.ip with initial condition mq ^it time 0. Next, we apply Lemma [4. II to v: for all G N such that 
kTo <Ta: 

v{x, kTo) ^ £ for l^;] ^ '^o + kaT^ . 
Consequently: For all r G [^0/2, 3T0/2] ^ for all /c G N such that r + /cTq < Tq,: 

T + kTo) ^ e for \x\ ^ ro + kaTj" . 

Moreover, the set {r + kTo, A; G N, r G [^0/2, 3T0/2] | r + ZcTo < Ta} covers all [Tb/2, r^). Let Tq ^ t < r^, 
then there exist r G \^o/2, 3^0/2] and A: G N such that: t = t + kT^. 

Let us define, for a close to 1 enough, a constant (i > independent of a such that: (3T'o/2 + A;To)^/" ^ 
/tTg/" + d. Then: 

ti(x, t) ^ e for l^l ^ rQ — ad + at^^"' . 

This last statement proves the corollary taking h = r^ — 2d > ■ 
Now, we can prove the first part of Theorem 11.11 

Theorem 4.1. Consider u the solution to (j4.ip . with compactly supported initial datum and ^ 
no ^ 1; no / 0. Then: 

• if a > 2, then u{x,t) — )• uniformly in {\x\ ^ at^^"} as a — )■ l,t — )• +00, t < Ta- 

• if0<a<2, then u{x,t) — )• 1 uniformly in {\x\ ^ at^^°'} as a ^ l,t — )• +00, t < Ta- 
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Proof : We prove the first statement of the theorem. 

Let a be sucli tliat a > 2. Recall that u{x,t) ^ u{x,t), where: 

u{x, = e* / uo{y)p{x - y, t)dy. 

Define i? > such that: supp uq C Bji{0). Let ai G and to > chosen such that if 

X G {x G \ \x\ ^ at^^^jU G (ai,l),to ^ ^ ^ ''"„}) then |x| > 2R. Let x be in this set and note 

Ixl Gt^/" 

that if \y\ ^ R then |y - x| ^ -y- ^ > R. Moreover, let a' G (2, a), so that: \x\ - R ^ a't^/°', 

for t large enough. Using the fact: e"^" = e~ ~ Csin(a-7r)~^, for t < Ta, we get: (Recall that the 
main term in the heat kernel is the Gaussian one) 

u(x t) < Ce'f f *^(^-^)My) . f tsm{aTr)uo{y) f uo{y)e-^-^ 

< R'C{l-a) R^C ^^,r e-W-u|<-i)^, 

^ sin(a7r)cj'^+4"t'*A+2 o-d+2a^d/<.+i J, , m~r i i 



Consequently, since a > a' > 2, there exists 02 G (ai, 1) such that cr' > 2^^"^. Thus: (1 — ^-^) < 
0, V(T G (a2 5 !)• Finally, we have: 



MX 



, t) — )• uniformly in {|x| ^ at^''"'} as a — )• 1, t — )• +00, t < Tq,. 



Now we prove the second statement of the theorem: 

Given < a < 2, take a' G (fx, 2), and apply Corollarv l4.1l with a replaced by a' . Thus, we obtain: 



-u 



^ -e in w := {(x, t) eW^ x M+ such that Tq ^ t < r„, |x| ^ 6 + at'/"} , 



for some 6 > 0. Moreover: {dt + (— A)")(l — u) = —u{l — u)^ ~ u) in w. Let v be the solution 
to: 

r t;t + (-A)"'t; = -CT, M'^,t>0 

where 7 and D are constants (depending on a) chosen later, c is a constant independent of a and 
bigger than a' . There holds: 

1+ / , ^-—p{x-y,t-To)dy), 
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and 1 — u ^ V in CO. Now we want to apply lemma 2.1 of [7J, to have: 

O^l-n^finM'^x [To,r„). 

Let w := 1 — u — V with initial time Tq and |x| ^ r{t) := 6 + a't^^". Let us verify the assumptions of 
the lemma: 

• Initial datum: w{.,Tq) ^ since 1 — u ^ 1 ^ v for t = Tq 

• Condition outside uj: let Ta > t ^ Tq and |x| ^ r(t) so that |x| ^ r{Ta.)- We have to verify that 
w{x,t) ^ 0, thus proving that v{x,t) ^ 1. Taking a closer to 1 if necessary, we can suppose 
r(t) > R. We use the same inequalities as before: 

^ \y-x\ 2a 

7;(x,t) ^ C7e-^(*-^») / ~ ^- ^ , dy 

> rp-£(i-ro) / ^ 

U + (4(t - To))^^^^! ^ cTq1/° I I 

— I 



L + (4(t - To))V2°^| ^ cr„V» -f^Kl 

^ / |z| ^ C/4l/2<.,^.^ ^ 

|,| ^ £^,„l/2= _ _^,„-l/2<. ^Fl 

We now choose so that the right hand side of the above inequality is larger than e^"^"^''"^ 
and we choose 7 such that: — e + (t'°7 > 0. 

So, we have v{x, ^ 1 if Tq is large enough, and as a consequence: w{x, t) ^ for > t ^ Tq 
and |x| ^ r{t). 

• Let Tq, > t ^ To and |x| ^ then we have: 

wt{x,t) + (-A)"t(;(x,t) ^ -£w{x,t), 

and the last assumption is satisfied. 

Thus: w ^ in M X [Tq, Tq), that is to say: 

0^1- u{x, t) ^ t) = e-^^*-"^") ( 1 + / -y,t- To)dy ] , 



for aU (x, t) G M'^x [Tq, r^). Finally, we are going to prove that: v{x, — t- uniformly in {|x| ^ at^^"} 
as a — )• 1, t — )■ +00, t < Ta- For t < Ta and |x| ^ at^^": 
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v{x, t) ^ e-'^'-^°^ I 1 + y i.K c.„v= e^l^l"p(x -y,t- To)dy 

hit - To)]!/" 

+ /|„,,,^v= e^^y\"p{x-y,t-To)dy 



^ s{t-To) f ,7M" (^-^o)'(l-«) I ^i^r (t - To) sin(a7r 

Wl-l^-°'/° D\x-yf+^'' D\x-yf+^'' 



\x - y 



^ [7(t-To)]V 



■dy 



4(t-To) 

^ g-£(t-7b) _^ (^(^ _ 2|^yd+i)/2«g-e(i-To)g7<^"tg7'(i-ro) _^ (27g-e(i-7o)g(-l+7c")Tc 



+g(-.+-"7+7^)(t-To)g7-'^To f ^-W"dz 



We have the result if 7 is chosen so that: — e+(T"7+7^ < 0, that is to say: 7 < 71 = " +\/g-^"+4E 

With such a 7, we have for e small enough: — 1 + c°'j < 0. Eventually, taking e smaller if 
necessary, we have ea'~" < 71, and consequently, we take: ea'~^ < 7 < 71 and we get: 



u 



{x,t) — )• 1 uniformly in {|x| ^ at^^"} as q — )• l,t — )• +00, t < Tq,. 



4.2 The exponential propagation phase 

Let us now worry about the behaviour of (|4.ip for t ^ Tq. The initial condition is u{x,To,) = 
/iRd U(){y)p{x — y, Ta)dy. To prove the second part of Theorem ll.il we use the argument developped 
in [7J. However it is not sufficient to give us the evolution of the level set {x £ \ u{x,t) = e} 
with e > independent of a: indeed the fundamental solution contains a sin(a7r) which, a priori, 
only tells us something about values of u of the magnitude Sa = sin(a-7r)^+'*, k > 0. So the proof 
will follow the iterative scheme of [7] but, within each iteration, two steps will be needed: the first 
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one will study the evolution of the level set {x G M"^ | u{x,t) = e„} and the second one will use the 
intermediate Proposition 13. H to pass from Sa to e (independent of a). 

Lemma 4.2. For every < a < ^_^2a '^^^ ^ (V^) 1)? there exist Eq G (0, 1), Tq, > 1 depending 
on a and and of order Ta, and > for which the following holds. Given rg > Ta, £ G (0,eo); 
£a G (0,e), ao,Q he defined by ao,Q?'o '■'^^^"^ = Sa, and let 



uo,aix) 



-{d+2a) ■( \ \ ^ 

ao,a \x\ ^ ' if \x\ ^ ro 



Then, the solution to ut + (— A)"n = u — v? with initial condition no,a a^c^ initial time satisfies, 
for all k G N; 



r„ + + (A: + l)r„) ^ e /or |x| ^ (ro - M)e'"'=^- , 

where M is defined in section [3 (Recall that M is large enough so that the principal Dirichlet 
eigenvalue of (— A)° — I in Bm is negative.) 

Proof : The difference with the preceding paragraph is that, here, the emphasis is laid on the 
sin(a7r)t 



\x\ 



term in the heat kernel 



Let K > be a constant independent of a, large enough and o^i G (V^^ such that! Sq^ '•- 
sin(Q7r)^+'', Va G (ai,l). 

Define 5a = and Tq = In ( " ] so that (see 14. 3p : 



yt e {0,Ta),yx eM.'^, u{x,Ta + t) f^Sa. (4.7) 

Notice that Ta is of order r^, and thus: rg > Tq > CTa^" , for a close to 1 enough, where C is 

, ^ . , C(l — a)t^ sin(a7r)t ^, , , . . ,. , 

defined so that — ^ ^ ^-5X2^. if k - y| ^ CtV2". (ggg g^D). 

|y — x| " |y — ° 



Now, we prove the lemma: 

For = 0: We get, for ah 2; G and t G (0, Ta): 



u{x,Ta+t) ^ e(l-'^«)*/ Ct-^-^+^V^. (y)rfy 

, n (i--5a)t / sin(Q7r)t 

:= ?i;(x,Ta+t) (4.8) 
(Notice that we have here removed the Gaussian part of the heat kernel.) As in Section [4. 11 we get: 
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u; is a positive, radially symmetric and nonincreasing function. And, for \x\ ^ tq : 



^ w{roei,Ta + Ta 



\y\ <i ro 

sin(a7r) 



£ 2 (^d+2«2^''/2" + l 



The last inequality is obtained taking k large enough. Consequently, w is bigger than the solution 
V to (13. ip with initial condition ecil_B^j_i[(ro-M)ei] ^-t time + T^. Note that ro > Tq > M for 
Q close to 1 enough. Then, we use Proposition 13.11 to the solution u, and we get the existence of 
r € BM\{j{i — such that: 

Finally, since w is radially symmetric and nonincreasing, we get: 

Tq + To + 7^) ^ e, V |x| ^ ro - M. 
For k = 1: First, we look for xi such that: 

u{x,Ta +Ta) ^ sin(a7r) = Sa, for |x| ^ xi. 
For every 6 G (0, 1), 6 >> e, we have that inequality (14. 8p for t = Ta and |x| ^ rg leads to: 

u{x,Ta + Ta) ^ Tq, + Tq.) 

^ ^00,06^^^''""'^)'^'^ sin(a7r)^~^?^ 



(i-<5<,-5)T„ 



|d+2a 



the last inequality is obtained for «; > | — 1. Let us define xi by: 
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Since ao,a = ^a'^o^^") we get: 

1 — S(y —6 rp 

x\ = roCe d+2a " . 

Consequently, for each a < 1, < o" < ^^2a ' take 5a and 5 small enough so that: 

Vae(a,.l)..<i^<;j^^ (4,9) 

Thus, taking a closer to 1 if necessary, we have: 

Ce <i+2o. ^ e'^^'^ 

Now, let us define: rY = tqe"'^" so that fi < xi, and since w is positive, radially symmetric and 
nonincreasing, we obtain: 

u{x,Ta + Ta) ^ £a, for ^ Yi. 
Furthermore, we have: u{x,Ta + Ta) ^ — 1^1 ^ where ai^^ = £0X1^^+^". 
Thus: 

^i(-,TQ, + Ta) ^ ni a. 



where ui^a is given by the same expression as uq^q, with (ro,ao,a) replaced by (^1,010,). 

Finally, we use the case k = to make the connection with the level set {x G M'^ | u{x,t) = e}, 
replacing the initial time Ta by Tq, + Ta and the initial condition by ui^a, to get: 

u{x, Ta + T^ + 2Ta) ^ £, for \x\ ^ Ti := (ro - M)e''^" . 
We can repeat the argument above, to get : 

u{x, Ta+Th + {k+ l)Ta) ^ £«, for \x\ ^ Tfc, 

for all k £N, with ^ (ro - M)e'^''^° . ■ 

Corollary 4.2. For e?;ery < a < ^_^2a '^^^ ^ (V^j 1); Tq anc2 Tq 6e as in Lemma \4.^ Then, 
for every uq with compact support, ^ uq ^ 1, with uq 7^ 0, there exist £_£ (0,1), C > a constant 
independent of a, and ba > such that 

u{x,t) ^ £, ift^ Ctq and \x\ ^ bac'^^ , 

where ha is proportional to e~—'^'^°', C_ is a constant independent of a and strictly smaller than C. 

Proof : From Lemma 14.21 we have 6 defined by (j4.9p . Let k > | — 1 and ai G (1/2, 1) be such that: 
Sa '■= sin(a7r)^+'', Va G (ai,l). 

Using the proof done for t < Ta, we get the existence of e G (0,1) so that, for a closer to 1 if 
necessary: 

u{x,Ta) ^ £ ^ ao,a, for |x| ^ ra, 
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where Tq > tJ" , and ao,a = e«?^a^^"- Thus 



and u{-,Ta + t) ^ ^("jO for t>0, where v is the solution to (j4.ip with initial condition ao,alB^^(o)- 
Next, we denote by Tq the time before which the solution u reaches 5. Inequality (|4.3p leads to 
Tq = ln(-g|—), consequently: 

Note that Tq is of order Tq, and for a close to 1 enough: Tq, < |To. Since u ^ 6, we get, for 
t G [n/3,n/3 + Ta]: 



i{x,Ta + t) ^ e^^ '^)*y"^p(x-y,t)ao,«lB^^(o)(y)(iy 



J |a: — al Ct ■ Ijj y\ 

\y\ ^ ra ' ' 

. ^ /■ ^ ' ao,aSin avr 

Moreover, using the fact that for |x| ^ > Ta'^ and \y\ ^ r^: |x — y| ^2 we obtain: 



^ ' 4Kisin(a7r)(i+'^)^-i|:E|'^+2- 



> C 



■ I \Kn \ \ d+2a ' 



where kq > 0. Taking q closer to 1 if necessary, we get, for t G PVs, "^0/3 + T^] and x G M'^: 
As a consequence, using the fact w is symmetric radially nonincreasing: 

u{x, Ta+t)^ w{x, Ta + t) ^ w{raei,Ta + t) ^ £«, for |x| ^ Tq,. 

Finally: 

u{-,Ta + t)^ no^, Vt G F/3, n/3 + r„] , 

where uo,a is the initial condition in Lemma [4.21 with tq replaced by Tq,. 

Next, we can apply Lemma 14.21 to the solution u{-, ■ + tq) for all tq G ['^0/3,70/3 + Tq,]. Indeed, 
{Ta + To + (A; + l)rQ + Ta, A; G N, Tq G [^/3, ^b/s + Ta]} covers ah (t^ + Tq + Th/3 + T„, +00). Let C 
be a constant such that Tq + "^0/3 + Tq + ^ Ctq. If t ^ Cra, then there exist tq G ["^o/^) "^"A + 
and A; G N such that: 

t = Ta + To + {k + l)Ta + 
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Then: 

u{x,t) ^ e, if i ^ Ctq, and ^ h^e'^^ , 

with : ba = C e~'^—'^°' > 0, where C > is a constant independent of a and C is a constant 
independent of a such that + ^b/s + 2Ta + Tq ^ Ctq,. Taking C larger if necessary, we can assume: 
C<C. m 
Now, we can prove the second part of Theorem 11.11 

Theorem 4.2. Under the assumptions of Theorem \4-l\ there exists a constant C > such that: 

• if a > ^_^2 ' ^^^'^ u{x,t) — ?• uniformly in {\x\ ^ e'^*} as a — )• l,t — )• +oo,t > Ctq.. 

• ifO<a< , then u(x,t) — )• 1 uniformly in {\x\ ^ e*^*} as a — )• l,t — )• +oo,t > Ctq. 

a + 2a 

Proof : We prove the first statement of the theorem. Let a be such that a > , and x such 

d + 2a 

that |x| ^ e*^*. Recah that u{x,t) ^ u(x,t), where: 

u{x, t) = e* / uo{y)p{x - y, t)dy. 

Define R > such that: supp uq C Bji{0). For, \y\ ^ i?, we take t large enough to have |x — y| ^ 

— . Then: 
2 

/ X ^ t f f (1 - a)i^ , f sin(a7r)t , [ e"^^ 

u{x,t) ^ C7eM / ^ > dy+ y_>dy+ 7dii^)dy 

\J\y\^R\x-y\ J\y\^R\x-y\ ■'\y\<Rti^\x-y\^ ' 

^ C(l - a)i?'^t2g{l-a(l+4a))t ^ ^^d^g(l-<x(l+2a))t ^ 

Hence, for cr > — , we obtain: 

d + 2a 

u{x,t) — uniformly in {|a;| ^ e"^* as a — >■ 1, t — >• +oo,t > Tq}. 

Now, we prove the second statement of the theorem. The argument parallels that of Theorem 14.11 
Using the proof done for t < Tq, we know there exists e G (0, 1) such that: 

where Tq, is smaller than 2Ta" . As in the beginning of the proof of Corollary 14. 2| we have, for 
t G [Tb/3,Tb/3 + r„]: 



Ad+2a ) 



I Sq, \x\ ^ r, 
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Given < a < — , take a' with: < o" < o"' < and apply Corollary 14. 21 with a replaced 

a + 2a d + 2a 

by a' . Thus, we obtain: 

-u ^ -e in uj := {{x, G M'^ x M+ | Cra, \x\ ^ h^e'^'*} , 

whereto, = (r^-M) e"'"'^'^" > 0. What's more: (9j + (- A)")(l - u) = -u{l-u) < -e(l-n) in w. 
Define v the solution to: 

vt + {-A)"v = -ev, _ M'^,t>CT„ 

P-7<tCtc |„,|7 (4.10) 

where 7 G (0, 2q;) and D are constants, independent of a, chosen later. This solution is given by: 

v{x, t) = e-^(*-^^") 1 + / f^p{x -y,t- CT^)dy , 

and 1 — u ^ in w. To get: 

0^1 — ti^winMx (Ctq,, +00), 

let us verify the assumptions of the lemma 2.1 in [7J. Let w := \ — u — v with initial time Cr^ and 
|x| ^ r[t) := h^e" *. Remember that in this case: ba = C e~'^ > 0. 

• Initial datum: w{., Cra) ^ since 1 — u ^ 1 ^ v for t = Ct^ 

• Condition outside co: let t ^ Cr^ and |x| ^ r(t) . We have to verify that w{x,t) ^ 0, proving 
that v{x,t) ^ 1. Taking a closer to 1 if necessary, we can suppose r(t) > R. We use the same 
inequalities as before taking C larger if necessary and using the fact that a < a': 

v{x,t) ^ e-^(*-^^")^^^^^-^^^^p(x-y,t-CT„)dy 

^|x-y|>c(t-Cr„)V2<. D\x-yf^'^°' 

JH/2^\x-y\^C(t-Crc)y^^ _ D\X- yf'^'^" 

^ C^-e_it-Cr^) f e-^-^--lxrsin(avr) ^^^ 
^ CZ)-ie-^(*^^")62e^^''^'""^'''^* sin(a7r) 

these inequalities are obtained taking < D ^ C , independent of a. Thus, if 7 is chosen so 
that: -e + ja' > 0: 

v{x, t) ^ 1 ^ 1 — u{x, t), for t ^ Ctq and |x| ^ r{t). 
Notice once again that we have removed the Gaussian term. 
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• Let t ^ Ctq and ^ then we have: 

wt{x,t) + {-A)°'w{x,t) ^ -ew{x,t), 
and the last assumption is satisfied. 
Now, by Lemma 2.1 in [7J, we have: tt; ^ in M"^ x [Ctq,, +cxd), that is to say: 

— ( [ --jaCTa L,|7 _ \ 

0^1- u{x, t) ^ v{x, t) = e-^(*-^-") 1 + / TT^Pi^ -y^t- CTa)dy , 

for all {x,t) G M"' X [Craj+oo). Finally, we are going to prove that: v{x,t) — >■ uniformly in 
{l^l ^ 6°"*} as a — )- l,t — )• +oo,t > Ctq,: 

V J|x-^y|s;i D J\x-y\^i D\x-y\^ 



sin(a7r)(i -Cr„)e-i"'^"'" lyP , /■ e 4(t-cr,) e-7'^CT<, i 17 
dy + / 77^ rC 



+C7e(-^+^'^)(*-^^") f 1 + /" (^-g^g)^^ , /" ^LL9lAdz+ I e~A^)dz 



Notice that all the integrals converge if < 7 < 2a. Thus, if 7 is chosen so that: —e + 70" < 0, we 
get the result. Eventually, for 7 G (§/(t',£./(t), we obtain: 

u{x,t) —7- 1 uniformly in {|x| ^ 6°^* as a — )• l,t — )• +00, t > Ctq}. 



5 Nondecreasing initial data 

The plan is similar to that of Section 31 first, we account for the linear propagation phase and then, 
we describe the exponential propagation phase. Unfortunately, we cannot simply invoke Theorem 
l4.1l to prove [STTl the computations are different, although related in spirit. 

Notice that the propagation exponent is (similarly to [7]) strictly larger than in the compactly 
supported case. 
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5.1 The linear propagation phase 

Recall that the problemn under consideration is: 



(5 1) 

n(x,0) = no(x), x G R ^ ' ' 

where G [0, ll is measurable, nondecr easing, such that lim uo(x) = 1 and for some constant c: 

uq(x) ^ ce~'^' for x G M_ . 

Lemma 5.1. For every < <t < 2 and a G (1/2,1), there exist Eq G (0,1) and Tq ^ 1 depending 
only on a and Eq for which the following holds. Given tq ^ —1, C independent of a and e G (0, eo); 
let uo = el^ro,+oo)- Then, the solution to ()4.ip with initial condition uq satisfies, for a// A; G N such 
that kTo < Tq,; 

u{x, kTo) ^ e for x ^ ro — kaXj" . 
Proof : For A; = 0, the result is obvious. 

For k = 1, Recall that for every 5 G (0, 1), as long as u ^ 5 we have : 

u{x, t) := e^^""^)* / uo{y)p{x - y, t)dy ^ m(x, t) ^ l uo{y)p{x - y, t)dy =: m(x, t). 
Jr Jr 

Let 5 >> e, Tq > chosen so that: 

Vt G (0,ro),V3; G M, u{x,t)i^5. (5.2) 

Note that the initial condition uq = el(ro.+oo) is a nondecreasing function, so u{-,t) is nondecreasing 
for all t > 0. So it is sufficient to estimate: lim u(x,t) ^ 5, to get (15. Sp . The inequalities on p 

obtained in Proposition 12.11 lead to, for x large enough: 

JR 

^ Cee^ (I ^ t-^/^''dy+ 

\J\x-y\i^Cty^° 



„ \x-y\ ■'^ 

/■ (1 - a)r sin(Q7r)i e 4t 

/, , ?; 1/9 I |i+4o + 1 |i+2a /tI TT^'^y 

J\x-y\^ct'-/^'^ \x — y\ \x — y\ \/t\x — y\ 



^ Cee* ( 1 + (1 - a) + sin(a7r) + / — r^d^ 

^ -Bee*, 



where B is independent of a. Thus, Tq = In is smaller than Tq. (taking 1 — a smaller if 

necessary) and we have: 

Vt G (0,ro),V2; G M, u{x,t) ^ 6. 



28 



Note that we have the same time as in the case of a compactly supported initial datum. Then, we 
look for ri < ro < for which we have: u{x,Tq) ^ e,Vx > ri. To find it, we look for xi < tq such 
that u is larger than e for x larger than xi. First, let us notice that, for y G M, if |y — x| ^ CTq^", 



where C^" ^ — — r^, C independent of a, then: 

sin(a7r) 

C(l - a)T^ ^ sin(a7r)To 

I |l+4a ^ I a+2a- V^'"^-' 

\y — x\ \y — x\ 

Next, we prove the existence of a constant C > 4^/^" such that: 

Indeed: 

• if for all C > 4^/^°, |xi — ro| > CTq" , then u{xi,Tq) is strictly smaller than e, which is 
impossible. Indeed: 

, ^ Tn f To^fl-a) Tosinfavr) e 

\ Jy>ro |xi - y| |xi - y\ V^o ki - y| 



|xi-ro| |xi-ro| -^^^^I^ 
< e, 

for To large enough, since e-^" ^ C(l — a)^"*^. So, there exists C > 4^/^" such that |xi — ro| ^ 

if |xi — ro| < CTq^", then a sub solution is larger than 2e, which is impossible: indeed, since 
u{-,t) is nondecreasing for all t > 0, we have, as in Lemma [4.11 

n(xi,ro) ^ u{ro - CTq^^'",To) 



^ 2e, 



for To large enough. 



29 



Thus, we lay the emphasis on the Gaussian term, using (|5.3p . and for ah x such that: CTq^" ^ 



\x - rol < CTq'^", 



u 



(x,To) ^ e^^-^^'''' p{x-y,To)uo{y)dy 



\/7o ko - a: 



Let us define xi by: 
that is to say: 



x,=ro- fl-Tt (l - ^ - 7^ In (CTt-''^))''^ 



4To 

Consequently, for cr < 2, we take (5 small enough, Tq large enough (but smaller than Tq), and a close 
enough to 1 so that: 

Now, let us define r\ := tq — ctTq" < rg so that ri > xi. Thus since Ti(-,ro) is a nondecreasing 
function: 

'u(x,To) ^ n(xi,ro) ^ e, Vx ^ ri. 

Finally, u{.,Tq) ^ elj-^^ =: uq and we can repeat the argument above, now with initial time Tq 
and inital condition uq as long as /cTq < Tq, and get that: 

u{x, kTo) ^ e for X ^ r^, 

for all € N satisfying kT^ < Tq,, with: rj^ ^ vq — akT^". ■ 

Corollary 5.1. For every < a < 2 and a G (1/2, 1), let Tq be as in Lemma \5.1\ Then, for every 
uq £ [0,1] measurable, nondecreasing, such that lim uo(x) = 1, there exist e G (0,1) and b > 

XI— > + oo 

such that 

u{x, t) ^ e, for Tq ^ t < Ta and x ^ b — at^^". 

Proof : Let a G (0, 2). We have n(-, r) > in M for aU r G [^0/2, 3T0/2]. Thus, there exists e G (0, 1) 
such that for all e G (0,e): 

u(-,t) ^ el(o,+oo), in M 
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Let us define uq by: no(y) = £l(o,+oo)(y)- Thus, u{-,T + t) ^ v{-,t), for t > 0, where v is the solution 
to (jS.ip with initial condition at time r. Next, we apply Lemma [5. II to v: for all G N such that 
fcTo < Tq,, we have: 

v{x, kTo) ^ e for x ^ —kaTQ°'. 
Consequently: For aU r G [^0/2, 3T0/2] , for all A; G N such that r + A;To < r^: 

u{x, T + A;To) ^ e for X ^ —kaTQ^. 

Moreover, the set {r + kTo, A: G N, r G [T0/2, 3T0/2] | r + fcTo < t„} covers aU [T0/2, Tq). Let Tq < t < r^, 
then there exist r G [^0/2, 370/2] and /c G N such that: t = r + /jTq. 

Then for a close to 1 enough, there exists a constant 6 > independent of a such that 

n(x, t) ^ e for x ^ 6 — crt^/" . 

■ 

Now, we can prove the first part of Theorem 11.21 

Theorem 5.1. Consider u the solution to (|5.ip . with measurable and nondecreasing initial datum 
satisfying uq G [0, 1], lim Uo{x) = 1 and 

uo{x) ^ ce"l^l", for z G M_ , 

for some constant c. Then: 

• if a > 2, then u{x,t) — )■ uniformly in {x ^ — fit^/"} as a — )• l,t — )• +00, t < r^. 

• if0<a<2, then u{x,t) — )■ 1 uniformly in {x ^ — crt^/"} as a — t- l,t — t- +00, t < r^. 
Proof : We prove the first statement of the theorem. 

Let a be such that a > 2, and x ^ —ut^/". Recall that u{x,t) ^ u(x,t), where: 

u{x,t) = e* / uo{y)p{x - y,t)dy. 

JR 
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Let a' G (2,<t). Using the fact: e"^" = e * ~ (1 — a) for t < Ta, we get: 



uo{y) f t\l - a)uo{y) t sin(a7r)no(y) 



u{x,t) ^ Ce'i I , ^dy+ I ^ ^-4^ + 



+i/2a ""^ ' I, , I |l+4a ' I |l+2a 



_ Jj^-£| 2a 

^ e 4t My) 



^ C{l e^e-\yrdy+l e-ly^e^dy+l ^ T^-^^dy 

'|z-?/|s£l Jy^x~l Jx+l^y^{a'-a)t /°' \x — y\ 



a;+ls;j/^{cr'-(7)tV<» |x — y| " |x — " J((T'-(7)tVa^y |x — y| 



l+4o 



t ,e-\y\ e — 4<- 



+ 1, , ,1, 1 — + '''~\ — " ii-« '^y 

J{a'-a)ty°'^y \x - y\ ^ \x - y\ 

+ / e e « e « e 4t dy 

Jx+lsCy^{cr'-o-)iVa! 



Consequently, since a > a' > 2, there exists 02 G (ai, 1) such that a > 2^^"^. Thus: (1 — < 
0, and (2 - ct") < 0, Wa £ (02, 1), and so: 

u{x, t) — )• uniformly in {x ^ — ut^''"} as a — )• 1, t — )• +00, t < Ta- 

Now we prove the second statement of the theorem: 

Given < a < 2, take a' G {a, 2), and apply Corollary 15.11 with a replaced by a' . Thus, we obtain: 

-u ^ -e in a; := [{x, t) G M x E+ such that Tq ^ t < r^, x^b- cr't'/"} , 

for some 6 > 0. Moreover: (dt + (— A)")(l — u) = — n(l — u)^ ~ ^) iii Let v be the solution 
to: 

( vt + {-A)"v = -ev, M,t>0 

I v{y,T,) = 2 + ^l|_^^^v.^,^o}(y)' yeM, ^^-^^ 

where 7 and D are constants (depending on a) chosen later, c is a constant independent of a and 
strictly bigger than a' . There holds: 

2+/ , ^——p{x-y,t-n)dy], 
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and 1 — u ^ V in oj. 

Now we want to apply Lemma 2.2 of [7], to have: 

O^l-u^uinMx [To,Tc,). 

Notice that we can apply the lemma since the assumption lim uo{x) = 1 leads to: lim u(x, t) = 1, 

XI— >+oo x>-^+oo 

for all t > 0. Let w := 1 — u — v with initial time Tq and x ^ r{t) := b — a't^^'^ . Let us verify the 
assumptions of the lemma: 

• Initial condition: w{.,Tq) ^ since 1 — u ^ 1 ^ v for t = Tq 

• Condition outside u: let Ta > t ^ Tq and x ^ '''{t). We have to verify that w{x,t) ^ 0, thus 
proving that v{x, t) ^ 1. We only have to consider the case x ^ r[Ta). Indeed, lim f (x, Tq) = 

2, so for all t > Tq we have: lim v{x,t) = 2. Consequently, for a close to 1 enough, and 

XI-^ — OO 

t G [TQ,Ta): 

X ^ r{Ta) = b- a'T^l" v{x, t) ^ 1. 
And for > t ^ Tq and r(Ta) ^ x ^ r{t): 



v[x 



, ^ f p7lS/r p 4(t-To) 

(4(t-ro))l/2Q (4(t-To))V2a 

> Ce-'^^^-^o) / ~ — -- dz 

. . , , , ^ + ^ 1^1 

(4(t-To))V2a (4(t-To))l/2a 

We now choose D so that the right hand side of the above inequality is larger than e^"^"'"'''""'"''^*""^''^ 
and 7 such that: —e + > 0. 

• Let > t ^ Tq and x ^ then we have: 

wt(x,t) + (-A)"w(x,t) < -ew{x,t), 
and the last assumption is satisfied. 
Thus: w ^ in M X [TqjTq), that is to say: 



i\y\°' 

0^1- n(x, t) ^ v{x, t) = e'^^*-^") ( 2 + / ^-f^Pi^ -y,t- To)dy ] , 
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for all {x, t) G M X [Tq, Tq). Finally, we are going to prove that: v{x, t) — )• uniformly in {x ^ —at^^"} 
as a —7- 1, t —7- +00, t < Tq. For t < and x ^ —at^^": 



I r "Tl y I 



^ [7(t-To)]V- V F \X y\ 

,2a 



4(t-To) ^ 



,(-e+a"7+72)(t-To)^7'^"To 



2 e^O 



We have the result if 7 is chosen so that: —e+a°'^+j'^ < 0, that is to say: 7 < 71 = ^"+V<r'^°'+ie 

With such a 7, we have for e small enough: — 1 + 0^7 < 0. Eventually, taking e smaller if 
necessary, we have eo"'"" < 71, and consequently, we take: ea'~^ < 7 < 7i and we get: 

u{x,t) — )■ 1 uniformly in {x ^ — crt^^"} as a — >• l,t — >■ +00, t < Tq. 



5.2 The exponential propagation phase 

Let us now worry about the behaviour of (jS.ip for t ^ t^. The initial data is: u{x, To) = UQ{y)p{x— 
y,Ta)dy. The argument developped in Section U] holds and so the study of the level set {x £ 
M I u{x, t) ^ e} is based on the one of {x G M | u{x, t) ^ e^}- 

Lemma 5.2. For every < cr < ^ and a G (1/2, 1), i/iere exisi Eq £ (0, 1); ^ 1 depending on 
a and Eq and of order Tq,, and Tq > for which the following holds. Given vq < —1, e G (0, Eq); 
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£a G (0,e), ao,Q be defined by ao,o kol = ^a, CLud let 

Then, the solution to ut + (— A)"u = u — with initial condition uo^a CL^d initial time Ta satisfies, 
for all k e N; 

u{x, Ta + ^ + kTa^ e for x^ (ro + M)e'"^(^+^«\ 

where M is defined in section [3 (Recall that M is large enough so that the principal Dirichlet 
eigenvalue of (— A)° — I in Bm is negative.) 

Proof : Let k > large enough, and ai G (V^; 1) such that: := sin(Q7r)^^'' < e, Vq G (qi,1). 
Define da = and Tq, = In ( ° 1 so that (see I4.3P : 



Vt G (0,rQ),Vj; G M'', ti(x,rQ +t) ^ (5.5) 

Now, we prove the lemma: 

For = 0: we have: u{x,Ta) ^ £a for j; ^ tq. 

Then, u is bigger than the solution v to (jS.ip with initial condition Ea'iij^^g^ro+M-i) time Tq. Then, 
we use Proposition 13.11 to the solution v, and we get the existence of r G (0, M) such that: 

u{ro + r,Ta + T;^) ^ f (ro + r, Tq, + t^) ^ e. 

Finally, since r < M and u{-,t) is a nondecreasing function for all t ^ 0, we get the inequality: 

u{x, Ta + T^)'^ e, Vx > ro + M. 

For = 1: First, we look for xi < ro such that: 

n(x, + To + To) ^ sin(a7r)^^'" = Sa, for x ^ xi. 

For every 5 G (0, 1), 5 >> e, we have, using [531 and for x < ro: 

J \x - y\ ^ \rj^ _ y\ • 

y ^ X ' ^' 

Ixl Jz^Ol 



since for k > — 1, e " sin(a-7r) ^ 1. Let us define xi < by: 



Since oqc = ea ko|^°) we get: 



1 — i5q, — l5 ri-i 

xi = Croe 2a 
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Consequently, for each a < 1, and < o" < we taked and 6a such that: 



1 — 5r, — 6 1 , ^ 

Thus, taking a closer to 1 if necessary, we have: 

Now, let us define: rY = r^e"'^"' so that > xi, and since u{-,t) is a nondecreasing function for all 
t ^ 0, we obtain: 

u{x,Ta + Ta) ^ u{xi,Ta + T^) = Gq, for X ^ rj. 

Furthermore, we have: u{x,Ta + Tq) ^ for x ^ FT, where ai^a = l^^iP"- Thus: 

u(-,rQ, + Ta) ^ ni,a , 

where ui^q, is given by the same expression as no,a with (^0,00.0) replaced by (rY, Finally, we 
use the case A; = to make the connection with the level set {x € M'^ | u{x,t) = e}, replacing the 
initial time Tq, by Tq, + Ta and the initial condition by ui^q,, and we use Proposition 13. II to get: 

u{x, Ta+Ta+Ta)^ E, for X ^ n := {vq + Mje"^"^" . 
We can repeat the argument above to get : 

u{x, Ta+Ta + kTa) ^ for X ^ Tfc, 

for all ken, with ^ {tq + M)e'^''^" . ■ 

Corollary 5.2. For every < o" < 2^ and a G (1/2,1), let Ta and be as in Lemma \5.^ Then, 
for every uq € [0,1] measurable, nondecreasing, such that lim Uq{x) = 1 , there exists £ (0,1), 

C > a constant independent of a, and ba > such that 

u{x,t) ^ £, ift^ CTa and x ^ ba^"^ ■, 

where ba is proportional to —e~—'^'^", C_ is a constant independent of a and strictly smaller than C. 

2 

Proof : By Lemma 15.21 there exists 6 defined bv 15.61 Let k > — + 1 and ai G (1/2, 1) such that: 



£a := sin(a7r)-^+'^ < e, Va G (ai, 1). 

Let 6a to be chosen such that: 6a = ^f^- Using the proof done for t < Ta, get the existence of 
e E (0, 1), for a closer to 1 if necessary: 

u{x,Ta) ^ e ^ ao,a) for X ^ '^a^ 
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where — Srj'" < ra < —tJ", and aoa = Thus 
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and n(-,To + 1) ^ v{-,t) for t>0, where is the solution to (|5.ip with initial condition ao,ol(rQ,+oo)- 
Recall that Tq the time before which the solution u reaches 6. Moreover, we obtain, for x ^ ^ 
-Ct^'"^ for all t G ^o/zja/^i + T„]: (Recall that T^, < ITq) 

u{x,Ta+t) ^ e^^"^)* / p(x - y,t)ao,al(r-„,+oo)(y)rfy 



, ^ ^ oo,a sin(a7r) 



^ c 



^0,0 



sin(a7r)'^o ' 



where > 0. 

Taking a closer to 1 if necessary, we get, for t G [^0/3, ^0/3 + T^]: 
As a consequence, using the fact u{-,t) is a non decreasing function for all t ^ 0: 

u{x, Ta+t) ^ u{ra,Ta + t) ^ Ea-, for X ^ Tq,. 

Finally: 

n(- , T„ + t) ^ no^, Vt G [5i^/3, 7b/3 + Ta\ , 

where UQ^a is the initial condition in Lemma 15.21 Next, we can apply Lemma 15.21 to the solution 
u{-, ■ +^for aU To e_^/3,Th/3 + Tal Indeed, {r„ + tq + + kT^, _k G N,ro GjTb/3, ^3 + r„]} 
covers all (t^ + Tq + '^"/s, +00). Let C be a constant such that Tq, + ^^0/3 + Tq ^ Ctq. li t ^ Ctq,, 
then there exist tq G ["^o/^i "^"/^ + ^^a] ^-nd /c G N such that: 

t = Ta + To + kTa + Ta- 

Then: 

u{x, t) ^ e, if t ^ Ctq, and x ^ baC^^ , 

with : ba = C e~'^—'^" < 0, where C < is independent of a, and C is a constant independent of a 
such that Tq, + ^0/3 + + ^ £2''"a- Moreover we choose: C_< C. ■ 
Now, we can prove the second part of Theorem 11.21 
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Theorem 5.2. Under the assumptions of Theorem \5.1[ there exists a constant C > such that: 
• if a > —, then u{x,t) — t- uniformly in {x ^ — e'^*} as a — t- l,i — t- +oo,t > Ctq- 



• if < a < — , then u{x,t) — t- 1 uniformly in {x ^ — e*^*} as q — )• l,t — )■ +oo,t > Ctq 
2a 



Note that: no(2;) ^ c|x| ^ ^" for x € M_ and |x| large . 

Proof : We prove the first statement of the theorem. Let a be such that a > — , and x such that 

2a 

X ^ — e'^*. 

\y~x\ ^° 

uo(y) , , /■ r(l-a)Mo(2/) , t sin(a7r)no(y) , e « uo(y) 



2a, 



/ , I |1+4q + 1 |l+2a TtI il^^y 

Jy^^/2\x-y\ \x-y\ \/t\x-y\ 



Hence, for a > — , we obtain: 
2a 

u{x, t) — )• uniformly in {x ^ — e"^*} as a — )• 1, t — )• +oo, t > Tq. 

Now, we prove the second statement of the theorem. Using the proof done for t < Ta, we know there 
exists e G (0, 1) such that: 

u{-,Ta) ^ el(r„,+oo), 

where < and bigger than —2Ta°'. As in the beginning of the proof of CoroUarv 15. 2| we have, 
for ah t G [7b/3,7b/3 + r„]: 



u{x,t) ^ no,a = < 1^1 

I 1 X ^ T, 



Given < o" < — , let us take a' G (a, — ) and apply coroUarv 15.21 with a replaced by a'. Thus, we 
2a 2a 

obtain: 

-u ^ -e in w := {{x, t) G M x M+ | t ^ Ct„, x ^ bac"'^} , 
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where ba = C e^"'^'^°' < 0. 

Moreover: (dt + (— A)")(l — u) = —u{l — u) ^ "^(1 ~ "^J-) in ^- Let v be the solution to: 

' vt + {-A)°'v = -ev, _ R,t> CTa 

_ ^-jo-Ctc \yn (5.7) 

viy,CTa) = IH — l{s/<0}, 

where 7 G (0, 1) and D are constants, independent of a, chosen later. This solution is given by: 

— ( f -^aCTa |„,|7 \ 

v{x,t) = e-^(*-^-«) f 1 + j^^^ ^ -^^Pix -y,t- CT^)dy\ , 

and 1 — u ^ V in uj. To get: 

O^l-u^vhiRx {CTa, +00). 
Let us verify the assumptions of the Lemma 2.3 in I7l. Here, we use the fact lim uo{x) = 1 leads 
to lim u{x,t) = l,yt > 0. 

XI— > + oo 

Let w := 1 — u — V with initial time Ctq, and x ^ r{t) := bae^ *• Remember that in this case: 
= (r„ + M) e"'^'^""" < 0. 

• Initial datum: w{., CTa) ^ since 1 — u ^ 1 ^ v for t = Cra 

• Condition outside co: let t ^ Ctq and x ^ r(t) . We have to verify that w^Xjt) ^ 0, proving 
that v{x,t) ^ 1. We use the same inequalities as before taking C larger if necessary and using 
the fact that a < a': 

v{x, t) ^ e-^(*-^^") / ^T^p{x -y,t- CTa)dy 

Jy<0 _ 
y <o I y I 



> ce-^it-c^-) ( (t-Cr.)sin(a7r)e-^-^--||/r 
^ _^e-^(*-^^-) e-^'^^^-e'^'^* sinfavr) 

> ^ ^(-£+717' ) [t-Cra ) ^(y' Cra —^aCra —■^a'Cja —Ta 

> p(-e+ia'){t-CT^) 

where Z? is chosen independent of a such that DC^°^ ^ C. Thus, if 7 satisfies: —e + 70"' > 0, 
then: 

?;(x, ^ 1 ^ 1 — u(x, t), for x ^ r(t). 
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• Let t ^ Ctq and ^ r(i), then we have: 

wt{x,t) + {—A)"w{x,t) ^ —£w{x,t), 
and the last assumption is satisfied. 
So: ^ in R X \CTa, +00), that is to say: 

0^1-u{x,t)^v{x,t)=e-<'-^^"^ ( 1 + y —^p{x-y,t-CTa)dyj , 

for all {x,t) G M X [Cr^, +00). Finally, we are going to prove that: v{x,t) — > uniformly in 
{x ^ -e°"*} as a ->■ 1, i — ^ +00, t > Cra- 

v(x,t) ^ Ce~^^*~'^^«M 1 + / TT-^dy + 'r dy 



,|2a 



/■ sin(Q7r)(t - CYa)e-^"^-"°((-x}-^ + z"^} e ■ ^^-..^ 

+Ce(-^+T^)(*-^^«M 1 + / \z\-^-^'^dz+ [ \z\-^-'^'^dz+ [ e~^^^)dz 



sin(a7r)(t - CTa)e-T"^^^«((-x)T + z^) e 4(t-cr„) e-7<^Cra((_3,)7 + ^7) 

T+2a ' T-i I |l-a 



Notice that all the integrals converge if < 7 < 2a. Thus, if 7 is chosen so that: —e + 70" < 0, we 
get the result. Eventually, for 7 G {§./tj' ,§^a), we obtain: 

i) ^ 1 uniformly in {x ^ — e*^*} as a ^ 1, f ^ +00, t > Cra- 
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